Abstract. In this short review we present a self-contained exposition of the effective field theory method approach to model the dynamics of gravitationally bound compact binary systems within the post-Newtonian approximation to General Relativity. Applications of this approach to the conservative sector, as well as to the radiation emission by the binary system are discussed in their salient features. Most important results are discussed in a pedagogical way, as in-depths and details can be found in the referenced papers.
renormalization group flow. It has many common features with ordinary quantum field theory (Feynman diagrams, divergence regularizations, logarithmic running of physical observables) as both the classical effective field theory described here and quantum field theory share properties belonging to any field theory.
The interest in the analytical description of gravitationally bound binary systems has been revived in recent times by the activity of the above mentioned GW observatories whose ouput is particularly sensitive to the GW phase. It is very important to have an accurate description of the waveform, whose shape depends on the source motion, for both maximizing the detection probability and for extracting the highest possible physical content from candidate events. Moreover data analysis techniques involve the generation of several tens of thousands to millions waveforms, thus requiring their analytical knowledge in order to have quick and efficient data analysis pipelines.
In particular the dynamical quantities allowing to determine physical observables like the phase of the GW signal, are the energy of the bound orbit and the emitted flux of GWs. Since signals falling in the detector band sensitivity are in the very last stage of the coalescence, the binary system orbits are expected to have circularized by then [17, 18] , so the analytical quantities to be computed are the energy of circular orbits and the gravitational flux as a function of the relative velocity of the binary constituents.
Moreover recent progress have made available numerical-relativity waveforms emitted in the last O(10) orbits of a binary system (including merger and ring-down) [19] . In order to construct complete hybrid waveforms encompassing all the stages of a coalescence from inspiral to merger and ring-down, the highest possible accuracy on the analytical inspiral phase is necessary to reduce the length of the numerically evolved part of the waveform, which is in general very time consuming [20] .
It is then expected that GW observations and numerical modeling will bring new inputs from both the phenomenological and the theoretical numerical side to the two body problem in General Relativity, whereas the effective field theory approach described here is giving new momentum to the analytical studies on the theoretical side.
General Theory
The effective field theory approach to the GR two-body problem is analog to other effective field theory approaches adopted to study specific systems in particle physics, like the heavy quark field theory [21, 22] . We want to study the dynamics of a pair of heavy and compact objects (black holes/neutron stars) interacting through the exchange of gravitational degrees of freedom and emitting GWs.
The effective Lagrangian S ext of any extended object of size r source interacting with a gravitational field with characteristic length-scale variation L r source , can be parametrized in terms of its mass m, spin tensor S ab and higher order multipoles [23] §
where ω ab µ is the spin connection coupling to the total angular momentum, while the electric (magnetic) tensor E ij (B ij ) is defined by
decomposing the Weyl tensor C µανβ analogously to the electric and magnetic decomposition of the standard electromagnetic tensor F µν . This amounts to decompose the source motion in terms of the world-line of its center of mass and moments describing its internal dynamics. The I ij , I ijk , J ij tensors are the lowest order in an infinite series of source moments, the 2 n−th electric (magnetic) moment in the above action scale at leading order as mr n source (mvr n source ), and they couple to the Taylor expanded E ij (B ij ) which scales as L −(1+n) , showing that the above multipole expansion is an expansion in terms of r source /L.
Note that the multipoles, beside being intrinsic, can also be induced by the tidal gravitational field or by the intrinsic angular momentum (spin) of the source. For quadrupole moments, the intrisic case will be explicitly dealt with in subsec. 3.2, whereas the tidal induced quadrupole moments I ij , J ij | tidal ∝ E ij , B ij give rise to the following terms in the effective action
This is also in full analogy with electromagnetism, where for instance particles with no permanent electric dipole experience a quadratic coupling to an external electric field. Eq. (3) can be used to describe a single, spin-less compact object in the field of its binary system companion. Considering that the Riemann tensor generated at a distance r by a source of mass m goes as m/r 3 , the finite size effect given by the E ij E ij term goes as c E m 2 /r 6 . For dimensional reasons c E ∼ G N r 5 source [12] , thus showing that the finite size effects of a spherical symmetric body in the binary potential are O(Gm/r) 5 times the Newtonian potential, a well known result which goes under the name of effacement principle [24] (the coefficient c E actually vanishes for black holes in 3 + 1 dimensions [25, 26] ).
One may consider the inclusion in S ext of monopole terms linear in curvature invariants like c R dτ R and c V R µνẋ µẋν . However these terms can be safely omitted as they vanish by the Einstein equations outside the source generating them . As linear terms in the Ricci tensor and Ricci scalar cannot appear, the terms involving the least number of derivatives are the ones written above in eq. (1) , in terms of the (traceless part of the) Riemann tensor. Corrections to the Newtonian potential due to gravity non-linearities. The left (right) diagram starts contributing at the 1(2)PN order.
We will focus in the next section onto the derivation of the effective potential of a binary system, obtaining the general relativistic realization of the Newtonian potential. This is obtained by integrating out the degrees of freedom that mediate the gravitational attraction to obtain a Fokker-type action S ef f describing the instantaneous interaction between objects parametrized by world-lines x A,B . Formally this is achieved by computing the Feynman path integral
where S bulk involves only the gravitational degrees of freedom and is given by the standard Einstein Hilbert action plus the harmonic gauge fixing term corresponding to the harmonic gauge used in [11] 
with Λ = (32πG N ) −1/2 in d = 3. Because of the non-linearities of the Einstein Hilbert action and of the gravitymatter coupling, the functional integral in eq. (4) cannot be performed exactly, but only perturbatively. For instance the leading perturbative order is represented by the diagram in fig. 1 : it accounts for the potential generated by the exchange of a gravitational degree of freedom. Performing the above functional integral is equivalent to solving the nonlinear equations iteratively around the linear solution at the level of the action: the perturbative solution can then be organized in Feynman diagrams as it is customary done in quantum field theory, however we stress once again that no quantum effects will be considered here.
is the 4-velocity of the center of mass. Such terms give δ-like, unobservable contributions to the classical potential. Equivalently, it can be shown that the field redefinition g µν → g µν + δg µν with
can be used to set to zero the above terms linear in the curvature, see [13] for details.
In order to show in practice how the iterative solutions can be used to efficiently generate the dynamics of the problem, we find convenient to decompose the metric in the form
with
, according to the metric ansatz proposed in [27, 28] and reminiscent of the one first used in [29] . On the previous ansatz S bulk reduces to
where only the kinetic term of the gravitational field φ has been explicitly written. The φ coupling to the source, which is implicit from eq. (1), is m/Λ dτ φ (1 + O(v 2 )) and neglecting all interaction terms of the field φ, the Gaussian integration over φ in eq. (4) can be done exactly and leads to
It is now crucial to take the non-relativistic limit in order to work at a given order in v. This is achieved by observing that the wave-number k µ ≡ (k 0 , k) of the gravitational modes mediating this interaction have (k 0 ∼ v/r, k ∼ 1/r), so in order to have manifest power counting it is necessary to Taylor expand the propagator
where in the last passage the integral over k 0 has been performed explicitly after trading the k 0 factors for time derivative operators. Note that we did not write any i term in eq. (10) as, in the non-relativistic kinematical region we are interested in here, where the gravitational mode cannot be on-shell, the pole prescription is inessential. The individual particles can also exchange radiative gravitons (with k 0 k ∼ v/r), but such processes give sub-leading contributions to the effective potential in the PN expansion, and they will be dealt with in subsec. 4.3. In other words we are not integrating out the entire gravity field, but the specific off-shell modes in the kinematic region k 0 k. We are aiming at computing an effective action giving the correct action-at-distance, with retardation effects taken into account by the Taylor expansion in eq. (10) . After substituting in the effective action (8) the explicit form of the source-gravity coupling one obtains Figure 4 . A Green function is represented by a propagator, with scaling:
Once the time derivatives act on the exponential they will introduce velocity dependent terms in the effective action, so in order to have a consistent calculation at any given order in v 2 , we have to remember the virial theorem, which makes diagrams of the type in fig. 2 also potentially of order v 2 with respect to the leading one in fig. 1 . The power counting of diagrams can be made systematic by the rules given in fig. 3,4 ,5, which can be generalized to higher order interaction vertices.
Intermediate massive object lines, (like the ones in fig. 2 ) have no propagator associated, as they represent a static source (or sink) of gravitational modes. At the graviton-massive object vertex momentum is not conserved, as the graviton momentum is ultra-soft compared to the massive source. E.g. in the diagram of fig. 1 , where the massive object emits a single gravitational mode, it recoils by a fractional amount dp/p roughly given by dp/p =hk/(mv) ∼h/L, being L = mrv the macroscopic angular momentum of the binary system. For the phenomenological application we are aiming at,h/L ∼ 10 −77 (M/M ) −2 (v/0.1) is ridiculously small and completely negligible. Consistently with neglecting any quantum effect, diagrams like the one in fig. 6 will not be considered. Even explicitly restoringh into the definition of the path integral in eq. (4) to establish the correct dimensions of the exponential term, after evaluating only diagrams at tree level (in the quantum language) all physical result will beh-independent. According to the standard rules for taking into account powers ofh involved in Feynman diagrams, each vertex brings in an inverse power ofh and each internal line a power ofh, making the quantum scaling of diagram accounted h I−V =h L−1 , using the standard relationship L = I − V + 1 among number of loops L, vertices V and propagators I. Applying this power counting rule to the graph in fig. 6 , say, shows that it scales ash/L with respect to the Newtonian potential, so it is completely negligible. ¶ ¶ Note that adopting a quantum field theory description of a second quantized massive particle ψ coupled to gravity would lead to the same result as here, once the non-relativistic limit is taken, see [30] . After integrating out the potential graviton we will be left with an effective action where some of the original operators will be renormalized and new, local ones will be generated in infinite numbers (but finite at each PN order), with the coefficients of the generated operators being the Wilson coefficients. Note that some graphs will be actually divergent like the one in fig. 7 , which gives a divergent contribution to the effective potential
Actually graphs like this can be consistently discarded, and indeed vanish in dimensional regularization, as an effective theory is not supposed to correctly portrait the full theory at arbitrary high energy scales. Divergences like the one of eq. (12) can be accounted for by shifting the input parameters in the starting Lagrangian (like the mass of the binary constituents), as we are not aiming at predicting those parameters, but just take them as inputs (see [31] for a thorough discussion along this line). We shall discuss in the following sections three other kinds of divergence, associated to O(3PN) gauge artifacts, to long-distance effects and to short-distance (or ultra-violet) incompleteness of the effective theory.
As it is standard in perturbative field theory calculations, diagrams contributing to the effective action are only the connected ones, i.e. those in which following Green function's lines all the vertices can be connected.
The effective theory at the orbital case, in the spin-less case, can treat the binary constituents as point-like until 5PN order, as this is the order at which finite size effects come into play, so the theory can be consider ultra-violet (UV) complete up to that order (the finite size spinning effects will be discussed in subsec. 3.2).
In sec. 4 we shall consider the effective action of eq. (1) to describe the binary system as a single extended object coupled to gravity in order to compute observables related to the emission of GWs. The starting point will be the action in eq. (1), where the first two terms will not be responsible for radiation, as at leading order they couple the gravitational modes to the conserved mass monopole and to the total angular momentum.
In order to have full predictive power, the effective theory in terms of the multipole moments at the orbital scale will have to be matched to the theory at the orbital scale in order to express the binary multipoles in terms of individual constituent parameter. It will turn out that in computing the radiation back-reaction on the source at the scale λ ∼ r/v, a logarithmic divergence will appear, showing the UV incompleteness already at v 3 , and requiring that the singularity be resolved by considering the theory at the smaller, orbital scale (in the calculation of the emitted flux the incompleteness will appear at v 6 order). While it is possible to absorb power-divergences into bare parameters of the original Lagrangian, as it is usual in field theory, logarithmic divergences will introduce a spurious dependence on an arbitrary scale µ: in order to cancel the µ dependence from physical observables, a compensating dependence of the input parameters has to be imposed, leading to a fully classical implementation of the renormalization group equation, implying that physical parameters running with µ will take different values when probed at different length scale, as it will be explicitly shown in subsec. 4.3.
Conservative
The conservative dynamics of a binary system involves processes characterized by no incoming nor outgoing radiation: in diagrammatic terms, this means absence of external radiative graviton lines. Internal radiative propagators (meaning that the radiation graviton is emitted and then reabsorbed by the system) can in principle be present and indeed appear at 4PN, giving rise to the so called tail terms studied in [32, 33, 34] ; we will deal with this peculiar effect in subsec. 4.3, while restricting the discussion of this section to diagrams involving potential gravitons only.
The GW length λ thus being irrelevant at this stage, the only scales of the problem are the size of the stars/black holes r s and the orbital radius r. The main goal here is to determine the dynamics of the system as a function of the orbital parameters and of the internal features of the stars, such as mass and spin, and other (like c E,B ) which appear as Wilson coefficients to be fixed by a matching procedure at the scale r s .
The general strategy consists in Power-law divergences arising at this point are automatically reabsorbed by dimensional regularization, while the logarithmic divergences appearing for the first time at 3PN can be eliminated by means of a world-line re-parametrization.
The pure gravity sector of the theory can be expanded up to the desired order in terms of the Kaluza-Klein variables introduced in eq. (6). We report here the expansion up to terms relevant at 4PN
+ (see also [35] for a derivation):
All the bulk vertices and propagators needed up to 4PN order can be derived from eq. (13). We write down explicitly the Green function expressions in terms of the space Fourier-transformed variables
As desirable, the three polarization fields φ, A, σ do not mix at the quadratic level. A convenient strategy for building all the Feynman diagrams has two steps (as first done in [36] ). At first one determines the shape of the diagram (henceforth called topology), which fixes the powers of G N through the following simple rules: a bulk n-vertex gives G n/2−1 N , and a matter interaction vertex with n graviton lines gives G n/2 N , see e.g. figs. 3,5. Starting form the lowest order topology of fig. 8 , all the higher order ones can be generated iteratively by adding a new propagator with one extremum on one of the two stars' word-lines, and the other to any other element (a bulk vertex, a vertex located on the other star's word-line, or in the middle of an other propagator in order to create a new 3-vertex), but not on the same word-line of the first extremum, since as pointed out in sec. 2, topologies involving propagators that start and end on the same star word-line as in fig. 7 do not have to be considered.
Then, any given topology is "filled" with the various φ, A, σ field propagators and with the different matter interaction vertices given by eq. 1: these elements determine the powers of v characterizing the diagram, and thus its PN order. The simplest example of this procedure is depicted in fig. 8 . +Γi jk is the connection of the purely spatial metric γ ij , F ij ≡ A j,i − A i,j and indices must be raised and contracted via the d-dimensional metric tensor γ; on the other hand all the spatial derivatives are meant to be simple (not covariant) ones and, when ambiguities might raise, gradients are always meant to act on contravariant fields (so that, for instance, The advantage of this procedure is that each topology is associated with a specific class of Feynman integrals, so that all the diagrams belonging to the same topology can be computed using the same integration strategy. Moreover, topologies which can be split into sub-topologies do not present any new difficulty from the computational point of view because the corresponding amplitudes are given by the product of the sub-topology ones which can thus be evaluated separately.
The spin-less case
Let us consider first the gravity-matter coupling for the non-spinning case and postpone the more complicate spinning case to the next subsection. In this case the finite size of the binary system components does not enter the dynamics until 5PN order (because of the effacement principle discussed in sec. 1), so the gravity-source coupling reduces to the mass monopole term, which can be written as
We have now all the elements to complete step (ii), that is to determine all the relevant graphs at a given PN order. The only diagram contributing at Newtonian level is the first one drawn next to the O(G N ) topology in fig. 8 , because φ is the only polarization whose particle interaction vertex does not depend on v at leading order.
The 1PN diagrams can scale ad G N v 2 or G 2 N ; in the first category fall the same diagram as before (which has to be computed at O(v 2 ) by expanding the particle interaction vertices and the φ propagator according to eqs. (17) and (16), respectively), as well as the second diagram in fig. 8 , which carries two powers of v (one at each particle interaction vertex) at leading order. As to the G 2 N graphs, one has to consider the new topologies shown in fig. 9 and take the v-independent part of the Feynman diagrams. Only the diagram with a φ 2 source-gravity vertex contributes at this PN order while the diagrams involving a triple bulk interaction vertex can be discarded at this order because they carry at least two powers of v * . Note that the surviving G 2 N * The only diagram that does not pay any v penalty factor at the particle-gravity interaction vertices diagram at 1PN order is clearly factorisable in terms of two "Newtonian" topologies, so its calculation is straightforward.
At 2PN we have to consider, as well as the previously analyzed diagrams with the appropriate factors of v from the expansion of the propagators and vertices, also several new diagrams generated by the topologies already considered (see fig. 10 for an example), as well as the ones generated by brand new, G 3 N topologies. At 2PN, 5 of them are relevant (each one providing a single diagram), 2 of which being merely trivial compositions of three "Newtonian" topologies. The 3 irreducible ones are shown in the upper part of fig. 11 . The first computations of the effective 2PN Lagrangian within the EFT framework have been done in [36] , using the same Kaluza-Klein decomposition adopted here, and in [37] .
We conclude the topology and diagram classification before moving to amplitudes calculation. At 3PN 63 new diagrams have to be considered, and 6 of them come from the two topologies shown in the lower part of fig. 11 , which are the only new irreducible topologies needed at this order: in particular, all the 8 G 4 N topologies needed at 3PN are factorisable in terms of simpler ones. The 3PN calculation within the EFT framework has been performed in [38] by means of a semi-automated algorithm thus making the is the one with three φ's, but the φ 3 bulk interaction vertex, as it can be seen in eq. (13), carries two time derivatives, giving two powers of v in the final amplitude. Table 1 gives an overview of the topology and diagram counting. The corresponding Lagrangian has been computed for the first time in [39] up to terms of order G 2 N , a sector which was subsequently also covered in the ADM framework [40, 41] . Coming to step (iii), we have to perform perturbatively the functional integration of eq. (4) . As an illustration we take the contribution given by the second diagram of fig. 10 . The exponential in the functional integral has to be expanded to the fourth order and the four Lagrangian terms corresponding to the vertices present in the diagram have Table 1 . On the left: number of topologies entering at a given PN order. On the right: number of diagrams that start to contribute to the effective action at a given G N and v power, for a total of 595 diagrams up to 4PN. From [38] .
to be selected:
where S bulk−f ree is the quadratic part of the bulk gravity action, φ ≡ φ(t, x) and φ 1a ≡ φ(t 1a , x 1 (t 1a )) and so on. Performing the Gaussian integral in the above eq. (18) boils down to substituting pair of like-fields with Green functions like in eq. 8 (indicated below with a contraction, as the procedure is in complete analogy to the Wick theorem in quantum field theory computations):
Expressing the Green functions in the momentum space via eqs. (14 -16) one has
A look at the structure of the denominator tells us that the complexity of this diagram (and of all the diagrams derived from the same topology) is equivalent to 1-loop diagrams in quantum field theory (QFT); indeed, this amplitude can be easily evaluated using standard textbook formulae and taking the limit d → 3 (in this case the amplitude is finite in dimensional regularization, so d = 3 could have been set from the beginning), thus bringing to the following term of the 2PN action
Naturally, the same diagram contributes also to higher PN's, and the corresponding amplitude is obtained as above with the caution of including the appropriate orders in in the v expansion of S pp from eq. (17) and in the propagators expansions, eq. (16). The latter may generally bring more and more k, k 1 terms in the integrand numerator thus making the evaluation more lengthy, but as the general structure of the denominator does not change, the complexity of momentum integrals remains still comparable to 1-loop ones. All amplitudes can be expressed in terms of (eventually complicated) spatial momentum integrals along the same lines. The actual evaluation strategy of the integrals depends on the topology and, as we have seen, all the topologies up to G 2 N can be computed by directly applying standard textbook formulae. Generally, a G (n+1) N irreducible topology is expected to involve momentum integrals equivalent to n-loops QFT diagrams, but a more careful inspection shows that the situation is actually more favorable. For instance, four of the five irreducible G 3 N topologies in fig. 11 involve nested loops integrations, that is integrals where at least one k a appear just twice in the denominator: in this case this variable can be integrated out immediately as in the 1-loop case, and the result of the partial integration is, in the G 3 N case, easily integrable in terms of the remaining momentum variables. The only apparent exception to this rule is the H-shaped topology in fig. 11 , but an appropriate use of Integration by Parts techniques provide the following useful relation
with the notation I(α−, γ+) ≡ I(α − 1, β, γ + 1, δ, ), by means of which the integrals of this topology can be reduced to nested loops ones. Thus, the G The situation is somehow similar in the G 4 N case, as it turns out that the topologies of this order involve, in the most difficult case, 3-loops integrals which are either nested or reducible through integrations by parts to integrals like the one in eq. (22) . Consequently one has the remarkable result that all the topologies up to G 4 N are basically tractable in terms of 1-loop equivalent QFT diagrams, see also [42] for related work.
At G
5
N however things change, for two reasons: first, the use of integration by parts becomes more complicated and substantially intractable by hand. This problem can be overcome by using automated reduction packages which are routinely used in particle physics multi-loop calculations, see e.g. [43] . Second, and more important, the "miracle" according to which everything could be ultimately reduced to 1-loop integrals does not take place anymore: in the worst cases, that is for the topologies in (row, column) = (3, 2) and (4, 5) in fig. 13 , one is left even after integration by parts with integrals equivalent to a 4-loop mass-less QFT diagram, which has to be evaluated in d ∼ 3 by means of ad − hoc techniques [44] . A possibly more efficient way to reorganize the diagrams have been proposed in [45] , while a radically different computational method has been recently suggested in [46] .
Starting from 3PN, divergences appear in the form of (d − 3) poles:
This divergence is not due to a short-distance incompleteness of the effective field theory approach, and it has been found in all the past treatments at 3PN with different kind of regularisations, see [47, 48, 49, 50, 51] . Since a Lagrangian is not an observable we can allow divergent terms in it as long as any relation among observables is given by finite expressions: e.g. this singularity does not appear in the expression for E(ω) relating the energy E of the system to the orbital angular velocity ω. It is however more practical to deal with a finite quantity also at the Lagrangian level and this can be obtained at 3PN by means of the following word-line re-parametrization:
see [11] and [38] for details. The EFT approach allowed us to compute for the first time the dynamics at 4PN up to O(G 2 N ) (while some sectors at higher G N order have been recently covered in the ADM framework [41] ). We write here the expression of the energy in the center of mass frame, addressing to [39] for other details:
with the symmetric mass ratio given by ν ≡ m 1 m 2 /M 2 . Specializing then to circular orbits, that allows to express both v and G N M/r in terms of x ≡ (G N M ω) 2/3 , at 4PN one has
where γ 0.577 . . . is the Eulero-Mascheroni constant. Eq. (25), together with inputs from Lorentz invariance of the 3PN Lagrangian, allows to derive the ν 3 and ν 4 term in the above eq. (26), first obtained in [40] , while the ν 2 term has been obtained more recently in [41] . The term linear in ν has been obtained within the extreme mass ratio limit approach in [52, 53] , and its non-logarithmic part has been analytically computed in [54] . We shall discuss in subsec. 4.3, how the logarithmic piece can be derived from radiation reaction computation. The ν-independent part can be derived from the Schwarzschild result.
Spin
EFT methods are giving a relevant contribution to the study of the spin sector of compact binary systems: the next-to leading order (NLO) dynamics with a quadratic dependence on the stars' spins has been computed for the first time in [55, 56, 57] , triggering a renewed attention on such sector and a healthy competition with more traditional approaches, which led to the confirmation of the new results and even to the extension to NNLO for the S 1 S 2 potential [58, 59] and for spin-orbit [58, 60, 61, 62] .
As the spin of a compact star and the lowest-order spin-orbit and spin-spin interactions scale respectively like
one deduces that the lowest order (LO) spin orbit potential is a 1.5PN term for maximally rotating objects (v rot ∼ 1), while the LO spin-spin interaction starts at 2PN. Spin interactions in general relativity are introduced by means of the tetrad e µ a (for a more detailed discussion, see the papers cited in this section and [63, 64, 65] ). which transforms the metric into a locally free-falling (and locally Lorenz-invariant) frame:
If such frame is also chosen to be co-rotating with the spinning body, the tetrad geodesic variation is locally a rotation with generalized angular velocity given by de
where u ρ is the four velocity of the spinning body. Local coordinate, Lorentz and parametrization invariances require the Lagrangian to be made of invariant contractions of Ω µν , u ρ and eventually of the local curvature tensors, but do not unambiguously fix its form even in the case of flat space-time. However it turns out that if one neglects finite-size effects, the variation of any possible Lagrangians w.r.t. to the spinning body local position and tetrad, when expressed in terms of the conjugate momenta p µ = δL δuµ and S µν = δL δΩµν , gives the same (Mathisson-Papapetrou) equations of motion: dp
Since the spin is related to the conjugate momentum S µν rather than to the fundamental tetrad variables themselves, it is actually more convenient to work with a functional that behaves as an Hamiltonian with respect to the spin, while remaining a Lagrangian with respect to the body position x µ . Such functional is called a Routhian and one can verify that the following form involving the spin connection ω ab µ ≡ e bν e a ν;µ
gives exactly the Mathisson-Papapetrou equations by means of
once the following Poisson bracket is taken into account:
The antisymmetric tensor S µν (which appears above through its locally flat-frame components S ab ≡ S µν e a µ e b ν ) is the generalized spin of the body and it contains redundant degrees of freedom. The redundancy corresponds to the ambiguity related the choice of a reference world-line inside the body. One can reduce from 6 to the 3 degrees of freedom needed to describe an ordinary spin vector by imposing the Spin Supplementary Condition (SSC), which relates the vector S 0i to the physical spin components S i ≡ ε ijk S jk . There is not a unique way to impose such condition and the so-called covariant SSC
will be taken here. The requirement of SSC conservation along the word line gives the following relation:
where the first term in the r.h.s. is SSC-independent and gives the familiar dynamics for a non spinning body. Such relation can be enforced at the level of the Routhian by adding
at the l.h.s. of eq. (31). It should be remarked that imposition of the SSC implies S 0i ∼ S ij v j thus providing different scalings for the different components of the spin tensor. Being an algebraic constraint, the SSC can be imposed by direct replacement of S 0i indifferently at the level of the fundamental Routhian or in the effective potential or in the equations of motion: the second option will be followed here because it simplifies intermediate calculations, at the price however of some loss of transparency in the results, which will not have a transparent physical interpretation until the SSC will be enforced.
Spin-induced finite size-effects become relevant much before than in the spin-less case; the lowest order of these effects is the spin-induced quadrupole moment, which can be taken into account by the following Routhian term
where E ab is the electric part of the Weyl tensor, and C ES 2 = 1 for black holes, while it has to be fixed via a matching procedure in the non-BH case. This term gives an effective contribution to the I ij E ij interaction in eq. (1) already at 2PN order. The spin-dependent part of the Routhian can be expressed as follows in terms of the Kaluza-Klein fields:
where d has been set to 3 as all the results obtained so far from this Routhian are at most next-to-next-to leading order and thus finite. By analogy to the spin-less case, (gaugedependent) divergences are expected to appear at next-to-next-to-next-to leading order, corresponding to 4.5PN for spin orbit, and to 5PN for spin-quadratic interactions.
The determination of the effective potential proceeds along the same lines of the spin-less case, with the new Feynman rules dictated by (38) . Spin insertions in the Figure 14 . Graphs contributing at leading order to the Spin-Orbit potential.
diagrams introduce PN penalty factors, making the integrals to be computed easier than the ones without spin at the same PN order, while the physical interpretation of the results is made less transparent in the spinning case.
To illustrate the latter point, let us consider the lowest order spin-orbit interaction. According to the scaling rules (and reminding that S 0i ∼ v j S ij ), the effective potential is a 1.5 PN contribution that can be derived from the two graphs in fig. 14 and their mirror images. The computation is straightforward and gives
The non-physical degrees of freedom represented by S 0i must now be eliminated through a SSC, as for instance the covariant one in eq. (34) . By taking such condition at leading order in v one gets
which however does not correspond to the canonical result, see e.g. [66] :
The mismatch does not lead to any difference in physical observables, as it can be cured by means of the following spin-dependent coordinate transformation at the Lagrangian level
Alternatively, an expression matching exactly eq. (41) may be obtained by imposing the so-called Newton-Wigner SSC, S µν (p ν + me 0 ν ) = 0, as well as the Newtonian equations of motion for the accelerations [67] .
To summarize, the choice of working with S 0i at the effective potential level makes the results formally SSC-dependent, but the difference vanishes on observables. Clearly when going at higher PN orders one should not forget to include effects coming from the higher order terms in the SSC relation eventually inherited from lower PNs. An alternative procedure is to impose the SSC directly at the level of the fundamental Routhian, a strategy which however brings unnecessary complications in the intermediate steps of the calculation. Whatever choice is made, one is left with some difficulties in comparing results derived within different approaches, like the EFT method and the ADM approach (a problem somehow addressed for instance in [68] ). Not surprisingly, such difficulties become computationally more relevant at higher postNewtonian order, as is the case for the S 1 S 2 4PN sector, where a full comparison between the two approaches has not yet been carried on.
Radiation
In the previous section we have shown how to obtain an effective actionà la Fokker describing the dynamics of a binary system at the orbital scale r in which gravitational degrees of freedom have been integrated out, resulting in a series expansion in v 2 , as in a conservative system odd powers of v are forbidden by invariance under time reversal.
The gravitational tensor in 3+1 dimensions has 6 physical degrees of freedom (10 independent entries of the symmetric rank 2 tensor in 3+1 dimensions minus 4 gauge choices): 4 of them are actually constrained, non radiative physical degrees of freedom, responsible for the gravitational potential, and the remaining 2 are radiative, or GWs.
In order to compute interesting observables, like the average energy flux emitted by or the radiation reaction on the binary system, it will be useful to "integrate out" also the radiative degrees of freedom, with characteristic length scale λ = r/v, as it will be shown in the next subsections.
We aim now at writing the coupling of an extended source appearing in eq. (1) in terms of the energy momentum tensor T µν (t, x) moments. Here we use T µν , as in [69] , to denote the term relating the effective action S 1g relative to the single graviton emission
to the gravitational mode generically denoted by h µν . With this definition T µν receives contribution from both matter and the gravity pseudo-tensor appearing in the traditional GR description of the emisson processes. Given that the variation scale of the energy momentum tensor and of the radiation field are respectively r source and λ, by Taylor-expanding the standard term
we obtain a series in r source /λ, which for binary systems gives r source = r λ = r/v. The results of the integral in eq. (44) are source moments that, following standard procedures not exclusive of the effective field theory approach described here, are traded for mass and velocity multipoles. For instance, the integrated moment of the energy momentum tensor can be traded for the mass quadrupole
by repeatedly using the equations of motion under the form T ,ν µν = 0:
The above equations also show that as for a composite binary system
. Taking as the source of GWs the composite binary system, the multipole series is an expansion in terms of r/λ = v, so when expressing the multipoles in terms of the parameter of the individual binary constituents, powers of v have to be tracked in order to arrange a consistent expansion. At lowest order in the multipole expansion and at v
where in the last passage the explicit expression
has been inserted. At order v the contribution from the first order derivative in φ have to be added the contribution of T µν | v , which gives
and neither T 00 nor T ij contain terms linear in v. Since the total mass appearing in eq. (48) is conserved (at this order) and given that in the center of mass frame
there is no radiation up to order v. From order v 2 on, following a standard procedure, see e.g. [18] , it is useful to decompose the source coupling to the gravitational fields in irreducible representations of the SO(3) rotation group, to obtain
were eqs. (46, 47) and integration by parts have been used, 0, 1, 2 stand for the scalar, vector and symmetric-traceless representations of SO (3), and
The 0 + 2 term in eq. (52) reproduces at linear order the E ij term in eq. (1), allowing to identify I ij with Q ij at leading order. The 1 part matches the second term in eq. (1), and it is not responsible for radiation as it couples A i to the conserved angular momentum. In order to simplify the calculation, we work from now on in the transverse-traceless (TT) gauge, in which the only relevant radiation field is the traceless and transverse part of σ ij . The presence of the other gravity polarizations is required by gauge invariance.
Discarding all fields but the TT-part of the σ ij field, at order v 3 one has
and using the decomposition [18] 
we can re-write
where
and
allowing to identify J ij ↔ P ij and I ijk ↔ Q ijk at leading order. At v 4 order the T ij x k x l σ ij,kl term, beside giving the leading hexadecapole term (or 2 4−th -pole), also gives a v 2 correction to the leading quadrupole interaction I ij E ij , which can be written as
For the systematics at higher orders see [70] or the standard textbook [18] .
Matching between the radiation and the orbital scale
In the previous subsection we have spelled out the general expression of the effective multipole moments in terms of the energy-momentum tensor moments. However we have only used two ingredients from the specific binary problem
• the source size is r and the length variation of the background is λ ∼ r/v . Now we are going to match the coefficients appearing in eq. (1) with the parameters of the specific theory at the orbital scale. At leading order Q ij | v 0 = A m A x Ai x Aj and the v 2 corrections to T 00 can be read from diagrams in figs. 15,16. Such diagrams account for the pseudo-energy momentum tensor of the gravitational field and are obtained by computing the effective action with the background filed method, and picking the term in the resulting effective action linerly coupled to the background gravity field [12] .
As φ couples to T 00 + T kk /(d − 2) and σ ij to T ij , from the diagrams one obtains
]. The calculation can be iterated for all higher multipoles, and it does not contain any fundamental difference if framed within the effective field theory approach or traditional methods.
Spin contribution to the source moments
In the case of spinning individual sources, in order to add the spin contributions to the energy-momentum tensor we start from the spin-world-line term in eq. (31) 
Note that since only T kk is needed, and not T kk itself, it could have been computed from eq. (47) instead of from the diagram in fig. 16 . from which it is possible to derive [71] the leading order energy momentum tensor components linear in the spins:
where a mixed coordinate-momentum space has been adopted, and the leading O(S 2 A ) are given by
we recall that k ∼ 1/r is the wave number exchanged between binary constituents), the above components of the energy momentum tensor can be used to compute the source moments necessary to derive physical observables, as discussed in the next subsections. At leading order in spin and v, the electric and magnetic quadrupole moments read (using the covariant SSC)
where S i = ijk S kl . For non-linear terms one has to add diagrams at the orbital scale analogous to figs.15,16 with spin insertion at the vertices, as well as the O(S 2 A ) term in the world-line energy momentum tensor in eq. (62) , which translates to quadratic terms in the quadrupole moments given by
Integrating out the radiating graviton: radiation reaction
We have now built an effective theory for extended objects in terms of the source moments and also shown how to match the orbital scale with the theory describing two point particles experiencing mutual gravitational attraction. We can further use the extended object action in eq. (1) to integrate out the gravitational radiation to obtain an effective action S mult for the source multipoles alone. In order to perform such computation, boundary conditions asymmetric in time have to be imposed, as no incoming radiation at past infinity is required. Using the standard Feynman propagator, which ensures a pure in-(out-)going wave at past (future) Next-to-leading order term in the back-reaction amplitude.
infinity, would lead to a non-causal evolution as it can be shown by looking at the following toy model [72] , which is defined by a scalar field Ψ coupled to a source J:
We may recover the field generated by the source J as
where the Feynman propagator given by eq. (10) can also be written as
with ∆ ± = e ∓iωt e ik·x /k, which is clearly a-causal because of the θ(−t) term. In a causal theory ψ would be given by the same eq. (67) but with the Feynman propagator replaced by the retarded one G Ret (t, x), given by:
However it is not possible to naively use the retarded propagator in the action (66) , as it would still yield non-causal equations of motions [73] . This problem was not present in the conservative dynamics described in sec.3 as the Feynman Green function with symmetric boundary conditions is the appropriate one to describe a conservative system.
However there is a consistent way to define an action for non-conservative system with asymmetric time boundary condition: by adopting a generalization of the Hamilton's variational principle similar to the closed-time-path, or in-in formalism (first proposed in [74] , see [75] for a review) as described in [73] , which requires a doubling of the field variables. For instance the toy model in eq. (66) is modified so that the generating functional for connected correlation functions in the in-in formalism has the path integral representation
In this toy example the path integral can be performed exactly, and using the Keldysh representation [76] defined by Ψ − ≡ Ψ 1 − Ψ 2 , Ψ + ≡ (Ψ 1 + Ψ 2 )/2, one can write
where the B, C indices take values {+, −} and
where G ++ = 0 and G Adv,Ret,H are the usual advanced, retarded propagators and Hadamard function respectively, with G H = ∆ + + ∆ − . In our case, the lowest order expression of the quadrupole in terms of the binary constituents world-lines x A , i.e.
is doubled to
The word-line equations of motion that properly include radiation reaction effects are given by
At lowest order, by integrating out the radiation graviton, i.e. by computing the diagram in fig. 17 , one obtains the Burke-Thorne [77] potential term in the effective action S mult
n , which has been derived in the EFT framework in [72] . Corrections to the leading effect appears when considering as in the previous subsection higher orders in the multipole expansion: the 1PN correction to the Burke Thorne potential were originally computed in [78, 33] and re-derived with effective field theory methods in [79] .
The genuinely non-linear effect, computed originally in [32, 33] and within effective field theory methods in [80] , appears at relative 1.5PN order and it is due to the diagram in fig. 18 . The result turns out to have a short-distance singularity which introduces a logarithmic contribution to the effective action (by virtue of eq. (75) only terms linear in Q − are kept)
We note the presence of the logarithmic term which is non-analytic in k-space and nonlocal (but causal) in direct space: after integrating out a mass-less propagating degree of freedom the effective action is not expected to be local [81] . A local mass counter term M ct defined by
can be straightforwardly added to the world-line effective action to get rid of the divergence appearing as → 0. According to the standard renormalization procedure, one can define a renormalized mass M (R) (t, µ) for the monopole term in the action (1), depending on time (or frequency) and on the arbitrary scale µ in such a way that physical quantities (like the energy or the radiation reaction force) will be µ-independent † †.
The derivation of the µ dependence of the renormalized mass was first obtained in [82] by evaluating Q 2 ij corrections to the energy momentum tensor of a binary system. Here we give a simplified version of such derivation, following [80] , by deriving the logarithmic corrections to the equations of motion from eq. (77)
Separating the logarithm argument into a t-dependent and a t-independent part, one gets a logarithmic term not-involving time which gives a conservative contribution to the force in eq. (79) which shifts logarithmically the mass of the binary system. The logarithmic mass-shift δM (R) can be determined by requiring that its time derivative balance the acceleration shift given by eq. (79) [52] 
Substituting eq. (79) into eq. (80) and using the leading order quadrupole moment expression in eq. (73) allows to turn the right hand side of eq. (80) into a total time derivative, enabling to identify the logarithmic mass shift as [52] 
Eq. (81) can be rewritten as a renormalization group flow equation [82] 
This classical renormalization of the mass monopole term (which can be identified with the Bondi mass of the system, that does not include the energy radiated to infinity) is explained in [82] by considering that the emitted radiation is scattered by the curved space and then absorbed, hence observers at different distance from the source would not agree on the value of the mass. The ultraviolet nature of the divergence points to the incompleteness of the effective theory in terms of multipole moments: the terms analytic in ω in eq. (77) are sensitive † † Note that at the order required in the diagram in fig.18 , M (R) (t, µ) can be safely treated as a constant M on both its arguments t and µ.
to the short distance physics and their actual value should be obtained by going to the theory at orbital radius.
The tail term radiation reaction force is responsible for a conservative force at 4PN (as the leading radiation reaction acts at 2.5PN and the tail term is a 1.5PN correction to it), so it must be added to the conservative dynamics coming from the calculation of the effective action not involving gravitational radiation, and indeed it is responsible for the logarithmic term in eq. (26).
Emitted flux
We have now shown how to perform the matching between the theory of extended objects with multipoles and the theory at the orbital scale. Taking the action for extended bodies in eq. (1) as a starting point, the emitted GW-form and the total radiated power can be computed in terms of the source multipoles by evaluating the probability amplitude A h (k) to emit a GW of 4-momentum (ω = |k|, k) and helicity h, using Feynman diagrams with one external radiating gravitational particle. At leading order the amplitude for the emission of a GW with 3-momentum k, helicity h and polarization tensor ij , is given by the diagram in fig. 19 and results in
The GW-form can be computed using the closed time path formalism
where we have introduced the TT-projector Λ ij;kl defined as
being n i the unit vector in the direction of observation, and analog formulae hold for the following multipoles. Analogously to what shown in the previous subsection, we have to take into account the GW interaction with the space time curvature produced by the source itself. Including such effect give rise to a tail effect, accounted by the diagram in fig. 20 , which gives a contribution to the GW amplitude and phase [34, 83] 
The infra-red singularity in the phase of the emitted wave is un-physical as it can be absorbed in a re-definition of time in eq. (86) . Moreover any experiment, like LIGO and Virgo for instance, can only probe phase differences (e.g. the GW phase difference between the instants when the wave enters and exits the experiment sensitive band) and the un-physical dependencies on the regulator and on the subtraction scale µ drops out of any observable. The contribution from the magnetic quadrupole is analogous to the one in eq. (86), and it is [83] 
where the finite number associated with the logarithm is still un-physical, as it depends on the choice of the arbitrary scale µ, but the difference between the terms in the phase in eqs. (86, 87 ) is physical, as µ can be chosen only once [83] . Spin effects can be included straightforwardly by using the appropriate multipole expression. The total emitted flux can be computed once the amplitude of the GW has been evaluated, via the standard formula
but there is actually a shortcut, as the emission energy rate can be computed directly from the amplitude A h (k) without solving for σ ij via the optical theorem formula
Using eqs. (83), (89) and summing over polarizations one gets [69] 
which, once averaged over time, recovers at the lowest order the standard Einstein quadrupole formula P = G N ...
I
2 ij /5. There are however corrections to this result for any given multipole, due to the scattering of the GW off the curved space-time because of the presence of the static potential due to the presence of the massive binary system.
The first of such corrections scale as
, that is a 1.5PN correction with respect to the leading order. The tail amplitude is described by the diagram in fig. 20 and it adds up to the leading order to give a contribution to the flux going as
The diagrams quadratic in the background curvature are portraited in figs. 21 and they give an ultraviolet divergence, with a logarithmic term [69] A
depending on the arbitrary subtraction scale µ, where finite contributions have been omitted. This short-distance singularity represents a failure of the effective theory at the radiation scale to correctly describe short-distance physics: in order to fix the omitted numerical quantity analytic in ω one should match the multipole theory to the theory in which the binary constituents are at a finite distance r. However the coefficient of the logarithm is physical and we can then proceed to renormalize the theory at the radiation scale, which is done in the usual fashion as in quantum field theory, although here the effect is completely classical. Since |A h | 2 enters physical results like energy emission, it should be independent of the arbitrary scale µ: this can only happen if we assume a µ dependence on the renormalized multipole moments I ij of the type:
Assuming that A h is expressed in terms of the I (R) ij , the total dependence of |A h | 2 on µ cancels out (it makes no difference if using I (R) ij or the "bare" I ij in A h | v 3 , as the difference is higher order in v). The background curvature has the effect of "smearing" the multipole source which cannot be considered perfectly localized at the origin of the coordinates: the value of the I (R) ij will depend on the scale at which the observer will measure it.
A consequence of this result is that eq. (93) admits a solution
that constrains the patterns of logarithms that can appear at higher orders. Once the multipole is known at some scale, like the orbital scale separation, then it can be known at any other scale by virtue of eq. (94). Finally one could consider the scattering of the emitted GW wave off another GW, as in fig. 22 . This process is known as non-linear memory effect, it represents a 2.5PN correction with respect to the leading emission amplitude [84, 85, 86] and it has not yet been computed within the effective field theory formalism. Combined tail and memory effects enter at 4PN order in the emitted radiation, i.e. double scattering of the emitted radiation off the background curvature and off another GW. The divergences describing such process have been analyzed in [82] , leading to the original derivation of the mass renormalization described in subsec. 4.3. The renormalization group equations allow a resummation of the logarithmic term making a non-trivial prediction for the pattern of the leading UV logarithms appearing at higher orders [69, 82] .
Conclusions
This Topical Review aims at giving an overview of the basic ideas of Effective Field Theory methods proposed in [12] to model gravitationally bound, inspiralling compact binary systems. The study of such system has both phenomenological and theoretical motivations, due to the forthcoming observational campaign of the large interferometric detectors LIGO and Virgo (and eventually KAGRA and Indigo) on one side, and on the development of efficient numerical methods to solve Einstein equations on the other side.
The post-Newtonian investigation of the compact binary inspiral problem has a long history in analytical perturbative solutions of the Einstein equations, but EFT methods have allowed a new field theory insight into it. The problem admits a description in terms of well separated scales (the individual source size, the binary component distance and the radiation wavelength), with a single dimension-less perturbative parameter (at least in the binary black-hole case), represented by the relative velocity of the individual components of the binary system. The EFT methods allow to treat in a single, powerful framework both conservative and dissipative effects and provide efficient tools to compute observable quantities. They give an organizational principle for performing a systematic expansion in the PN perturbative parameter. The scale factorization is already evident at the level of the action, which allows a considerable computational simplification with respect to methods working at the level of the equations of motion. The effective field theory approach reviewed here has much in common with standard quantum field theory techniques because of the common underlying field theory structure and it is completely classic.
Physics at different scales are related by renormalization group flow, and all kind of divergences, arising from incomplete knowledge of the underlying short-distance physics as well as from long-distance effects and from gauge artifacts, are technically treated on equal footing via dimensional regularization. Indeed the use of field theory since several decades has allowed the development of powerful tools to address all the technical problems (like handling of divergences and computation of Feynman integrals) on the computational side.
Finally, the existence of an additional independent method to compute physical observables of the binary problem in General Relativity is welcome per se, as it allows an independent check of computations of formidable complexity.
